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Abstract

Zadeh defined fuzzy Sets for Uncertain Information with single Fuzzy membership
function A = pa(X ), where A is Fuzzy Set and x € X. In this paper, the Fuzzy set is
defined by A= { pa®®(x), uaP*"*(x)} with the two Fuzzy membership functions
based on Belief and Disbelief. The Fuzzy Set with two Fuzzy membership functions will
give more evidence to fuzzy information. Fuzzy Logic and Fuzzy inference are
sproposed based on the two fuzzy membership functions. In this paper, the fuzzy
conditional inference for “if ... then ...” and “if ... then ... else” is also proposed with
two fuzzy membership functions. Fuzzy Certainty Factor is defined with the difference
of Belief Fuzzy Membership Function and Disbelief Fuzzy Membership Function to
elinate the conflict of evidence in Uncertain Information.

Key words: Fuzzy Membership Functions, Fuzzy Logic, Fuzzy Inference, Fuzzy
Modulations

1 Introduction

Different methods are proposed to deal with incomplete, inconsistent, inexact and
uncertain information. Fuzzy logic[28, 29] Bayesian Statistics[4] , Dempster-Shafer
Theory [5,19] , Certainty Factor [3], Many-Valued Logic[17] and Fuzzy Statistics [30]
are proposed to deal with Uncertain Information’s. Fuzzy set [29] and Fuzzy
inference[14, 27, 28 ] are studied to deal with uncertain information. The Fuzzy Set with
two membership functions will give more evidence to deal with the uncertain
information. The Many-Valued Logic[] is considered to discuss the Fuzzy Logic with
two membership functions.

In the following, Fuzzy Set is defined by two Fuzzy membership functions based
on “Belief and Disbelief” to deal with incomplete, inconsistent, inexact and uncertain
information.. The Fuzzy Logic and Fuzzy Inference are discussed based on the two
membership functions. The fuzzy conditional inference for “if ... then ...” and “if ...
then ... else” is discussed with two fuzzy membership functions The Fuzzy Certainty
Factor is defined by the difference between “Belief” and “Disbelief “ membership
functions to made as single fuzzy membership function.

2 Fuzzy Logic and fuzzy Inference



Zadeh[29] has introduced Fuzzy set as a model to deal with imprecise, inconsistent
and inexact information. Fuzzy set is a class of objects with a continuum of grades of
membership.

The Fuzzy set A of X is characterized by its membership function A = pa(x ) and
ranging Vvalues in the unit interval [0, 1]

Ma(X): X =20, 1], x€ X, where X is Universe of discourse.

or

A = ua(X1)/X1 + pa(X )X + ...+ ua(X p)/Xn, “+” is union
For example, Consider the Fuzzy proposition “x has Cold” .

The Fuzzy set ‘Cold” is defined as

Mcoid (X) 2[0, 1], x € X
where Cold = { 0.8/x; + 0.6/x, + 0.4/x3 + 0.6/x4 +0.75/Xs}

For instance “Rama has Cold” with Fuzziness 0.8

Fuzzy logic is defined as combination of Fuzzy sets using logical operators. Some of
the logical operations are given below

Suppose A, B and C are Fuzzy sets, and the operations on Fuzzy sets are

AVB=max(pa(X), us(X)} Disjunction

AAB=min(pa(X), us(X)} Conjunction

A'=1-pa(x) Negation

A->B=A’ AB=min{l, 1-pa(X) + us(x)} Implication

If AthenBelse C= A>B= =min {1, 1-pa(xX)+ pus(x)} if A

=A-> C = min {1, 1-pa(x) + uc(x)} if not A
(Conditional)
A 0 B=miny {pa(X), us(X)}/x Composition

The Fuzzy propositions may contain quantifiers like “Very”, “More or Less” . These
Fuzzy quantifiers may be eliminated as

Hvery(X) =HA(X) 2 Concentration
Mwmore or Less(X) = Ha(X) %2 Diffusion

Fuzzy inference is a drawing conclusion from Fuzzy propositions using fuzzy
inference rules[14, 28]. Some of the Fuzzy inference rules are given bellow

R1:xis A
xandyare B

Y is AAB



R2: x and y are A
yand z are B

yandzare AoB

R3: xis A
if xisAthenyisB

yisAo (A>B)
R4: xis A if A
ifxisAthenyisBtenzisC

yisAo (A>B)
R5: X is A’ if not A
ifxisAthenyisBtenzisC

ZisA’ o (A>C)
3 Fuzzy Sets and Fuzzy Inference with Belief and Disbelief

Zadeh[29] considered a single Fuzzy membership function to define the Fuzzy
set to deal the uncertain information.

The proposition “ x is A” is defined by

A= pa(x), Where A is Fuzzy Set and x € X, pA(x) is Fuzzy membership
function.

The propositions “ x is A” may represent the evidence with “Belief” and
Disbelief” to deal the uncertain information.

Given some Universe of discourse X, the proposition “ x is A” is defined by its
two Fuzzy membership functions as

uA(X) — {HABe"ef(X), uADiSbelief(X)}

or

A= {uABe"ef(X) uADiSbe"ef(X)}

Where A is Fuzzy Setand x € X and

0<= HAB(—Z‘"(—Z‘f(X) <=1 and, 0 <= HADiSbe”ef(X) <=1

Belief Belief Belief

Fuzzyset A = {Ha (X2)/X1 + Ha (X2)X2 +...+ A (X)X,



Disbelief Disbelief
Ha

(X1)/xy + pa (X2)X2 + oo UAP (X)X, Xi € X,

“+” 1S union

uABeIiéfgx) + IJADi?be"E_)fgx) < l,
Belie (X) + ADlsbelle (X) >1
and UADiSbe"ef(X) + IJADiSbelief(X) =1
are interpreted as redundant, insufficient and sufficient Knowledge respectively.

For example,
Consider the Fuzzy proposition “x has Cold” and The Fuzzy set ‘Cold” may be
defined

Cold = { 0.8/x; + 0.6/x; + 0.4/x3 + 0.6/x4 +0.75/Xs,
0.4/x1 + 0.5/x, + 0.5/X3 + 0.4/%4 +0.35/X5}

For instance “Rama has Cold” with Fuzziness {0.8, 0.4}.
Fuzzy logic is defined as combination of Fuzzy sets using logical operators. Some of
the logical operations are given below

Suppose A, B, C are Fuzzy sets, and The operations on Fuzzy sets are given below

AVB:{ HABe"ef(X) \V/ HABeIief(X)’ HBDisbelief(x) \V/ IJBDisbeIief(X)} Disjunction
AABZ{ MABelief(X) A p'ABeIief(X)1 HBDisbelief(X) A MBDisbeIief(X) } COI’]jUI’]CtiOI’]
A= {1_ “ABE"Ef(X), 1- HADiSbe“ef(X) } Negation

A-B= {mln (1’ 1- IJABe"ef(X) + uBBelief(X) ’ min ( 11 1- uADiselief(X) + HBDiSbe”ef(X)}
_ _ o o Implication
Ao B= {minx ( UABEIIef(X)y uAB(—I‘lIef(X) ), minx( HBDISbe“ef(X), HBDISb(—I‘lI(—Z‘f(X) )}/X CompOSition
If Athen Belse C = _ _ o o
ASB = {mln (1, 1- HAB?“ef(X) + HBB_e“ef(X) 1 min ( 11 1- HAI_Dlse“ef(X) + HBDI_Sbe“ef(X)} i A
Aec =min (111_ MABehef(X) + HBBEIIEf(X) ’ min (1’1_ HADlsellef(X) + HBDISbeIIef(X)} if not A

Suppose, Fuzzy sets A and B are

A= { 0.8/x1 + 0.9/, + 0.7/X3 + 0.6/X4 +0.5/x5,
0.4/x1 + 0.3/x + 0.4/x3 + 0.7/x4 +0.6/Xs}

B= { 0.9/x1 + 0.7/x2 + 0.8/X3 + 0..5/x4 +0.6/X5,
0.4/x1 + 0.5/x, + 0.6/x3 + 0.5/x4 +0.7/Xs}

AV B ={ 0.9/x; + 0.9/x, + 0.8/x3 + 0.6/x4 +0.6/Xs,
0.4/x1 + 0.5/x, + 0.6/x3 + 0.7/X4 +0.7/X5}



AAB= { 0.8/x1 + 0.7/x2 + 0.7/X3 + 0.5/x4 +0.5/x5,
0.4/x1 + 0.3/, + 0.4/x5 + 0.5/x4 +0.6/X5}
A’ = not A= { 0.2/x; + 0.1/x; + 0.3/x3 + 0.4/x4 +0.5/Xs,
0.6/x1 + 0.7/x, + 0.6/x3 + 0.3/X4 +0.4/X5}

A> B= { 1/x1 + 0.8/, + /X3 + 0.9/x4 +1/Xs5,
/X1 + 1/, + 1/x3 + 0.8/x4 +1/X5}
AoB={ 0.8/x;+0.7/x, + 0.7/x3 + 0.5/x4 +0.5/Xs,
0.4/x1 + 0.3/ + 0.4/x3 + 0.5/X4 +0.6/X5}

2 (13

The Fuzzy propositions may contain quantifiers like “very”, “more or less” . These
Fuzzy quantifiers may be eliminated as

For the proposition “x is very A

Hvery A(X) = { HA”" (%)%, ua” " () pa(x)? } Concentration
={ 0.64/x; + 0.81/x, + 0.49/x3 + 0.36/x4 +0.25/Xs ,
0.16/x; + 0.09/x, + 0.16/x3 + 0.49/x4 +0.36/Xs5}

For proposition “x is more or less A”

HMore or Less A(X) — ( HABe“ef(X)l/z, HADiSbe"ef(X)HA(X)UZ } Diffusion
={ 0.89/x; + 0.94/x, + 0.83/x3 + 0.77/x4 +0.70/Xs,
0.63/x; + 0.54/x; + 0.63/x3 + 0.83/x4 +0.77/x5}

Fuzzy inference[28] is drawing conclusions from Fuzzy propositions using fuzzy
inference rules[1 Some of the Fuzzy inference rules are given below for the propositions
with two membership functions

R1:xisA
x and y are B

y is AoB _ _ o o
A0 B= {mlnx ( uABellef(X), uABe“ef(X,y) )1 mlnx( uBDISbEIIEf(X), uBDISbe“ef(X,y) )}/X

Rama is Tall
Rama and Sita are Approximately equal

Sita is Tall o Approximately equal
For instance,
Tall = {0.8, 0.4}
Approximately equal = {0.9, 0.3}
Tall o Approximately equal = {0.8, 0.3}



R2: xand y are A
yand zare B

yandzare AoB _ _ o o

AoB= AoB= {miny,z ( HABe“ef(X,y), uABe"ef(y,z) )1 miny,z( IJ.BDISbe“ef(X,y), pBDISbe“ef(y,Z) )}/X
xandyare equal
yand zare Approximately equal

y and z are equal o Approximately equal

equal ={0.7,0.4}
Approximately equal = {0.9, 0.3}
equal o Approximately equal= {0.7, 0.3}
R3: xis A
ifxisAthenyisB

yisAo (A>B)

A 0 (AQB) (mlny{“ABe“ef(X) mln {u Bellef(X y) mln DISbe|Ief(X) mln{ 1 1 I.lABeliEf(X,Y)
e |e
x.y)
Rama is very Tall
If Rama is Tall then Sita is Small

Sita is very Tall o (Tall > Small)

Tall = {0.8, 0.4}

Small = {0.6, 0.5}

very Tall o (Tall > Small )= {0.64, 0.16} o { (0.8, 0.4)-> (0.6, 0.5) }
={0.64,0.16}0{ 1,09}
={0.64, 0.16}

R4: xis A if A
ifxisAthenyisBtenzisC

yisAo (A>B)

A 0 (A>B) = (miny{ua®"(x), min {ua2"*(x,y) , min, (lia Disbelief(y ), min{ 1, 1-
“WXW+H "(xy)

Rama is very Tall

If Rama is Tall then Sita is Small else Approximately equal

Sita is very Tall o (Tall > Small)

Tall = {0.8, 0.4}

Small = {0.6, 0.5}

very Tall o (Tall > Small )= {0.64, 0.16} o { (0.8, 0.4)-> (0.6, 0.5) }
={0.64,0.16}0{ 1,09}



= {0.64, 0.16}

R5: xis A’ if not A
ifxisAthenyisBtenzisC

ZisA’o (A->C)

A’ 0 (A>B) = (MinA1-pa®"™(x), min {ua®"*(x, z) min, 1-pla D'Sbe"ef(x z)}min{ 1, 1-
Belle (X Z) + Ua Belief (X Z)

Rama is not Tall
If Rama is Tall then Sita is Small else Approximately equal

Sita is not Tall o (Tall > Approximately equal )

Tall = {0.8, 0.4}

Approximately equal= {0.6, 0.3}

very Tall o (Tall > Approximately equal )= {0.64, 0.16} 0 { (0.8, 0.4)-> (0.6, 0.3) }
={0.64,0.16} 0 { 1, 1}
={0.64, 0.16}

4 Fuzzy Certainty Factor

The Fuzzy Set with two membership function will give some more evidence then
single Fuzzy membership function,

It is possible to define Fuzzy Set with single Fuzzy membership function for the Fuzzy
Set with two membership functions

The Fuzzy Certainty Factor is defined by Fuzzy Set with single Fuzzy membership
function with the difference of the two Fuzzy membership functions Belief and Disbelief.

Belief Dlsbellef( ) Bellef( )>U Dlsbellef( )

HaZF(X) = ua"™(x) - pa

0 Bellef Dlsbellef( )

(X) <Ha
and

uACF(X):Xé[O, 1], x€ X, where X is Universe of discourse.

Fuzzy Certainty Factor will compute the conflict of evidence in the Uncertain
Information. If fuzzy certainty factor is less then or equal to zarero then the rule will be
rejected.

For instance
A= { 0.8/x1 + 0.9/x, + 0.7/X3 + 0.6/x4 +0.5/x5,
0.4/X1 + 0.3/ + 0.4/x3 + 0.7/X4 +0.6/X5}



X4 and xs are eliminated from A by using Fuzzy certainty factor,
The Fuzzy A becomes
A= { 0.8/x1 + 0.9/x, + 0.7/X3, 0.4/xq + 0.3/x5 + 0.4/x3 }
5 Fuzzy Modulations and Fuzzy Reasoning
Fuzzy Modulations is a type of Knowledge representation for Fuzzy propositions
[24]. These Fuzzy modulations are used to study Fuzzy Logic and Inference for two
membership functions for understanding.
. Fuzzy Modulations are a type of Knowledge representation for Fuzzy propositions [24].
The Fuzzy Modulation for the position “ x is A” is defined by
[A]R(x), where A is Fuzzy Set, R is relation and x € X

Fuzzy reasoning is discussed for the Fuzzy sets with two membership functions Fuzzy
modulations in the following

For instance,

“Rama has Cold” is modulated as
[Cold] Symptom(Rama)

The Fuzzy position “Rama has Headache” may be modulated as
[Headache] Symptom(Rama)
From the above propositions infer
Rama has Cold or Headache
This may be modulated as
[Cold V Headache Symptom(Rama)
For instance, consider the Fuzziness for Fuzzy Sets
Rama has cold
Cold =[ 0.6, 03]
Rama has Headache

Headache ={0.4, 0.5]

Rama has Cold or Headache
[Cold V Headache ]Symptom(Rama)



[[ 0.6, 03]Vv{0.4, 0.5]]Symptom(Rama)
[[ 0.6, 0.5]]Symptom(Rama)
Rama has Cold or Headache with fuzziness [ 0.6, 0.5]

An Example of Fuzzy Reasoning with two membership functions is given bellow
Rama has Cold
If Rama has Cold Then Rama has Sneezing
If Rama has Cold Then Rama has Headache

The above Fuzzy facts may be modulated as

F1:[Cold] Symptom(Rama)
F2:1f [Cold] Symptom(Rama) Then [Sneezing] Symptom(Rama)
or
F2: [(Cold = Sneezing] Symptom(Rama)
F3: If [Cold] Symptom(Rama) Then [Headache] Symptom(Rama)
Or
F3: [(Cold - Headache] Symptom(Rama)

From F1 and F2 infer using R5
F4: [Cold o (Cold = Sneezing] Symptom(Rama)

From F1 and F3 infer using R5
F5: [Cold o (Cold > Headache] Symptom(Rama)

If Rama has Sneezing Then Rama has Fever
If Rama has Headache Then Rama has Body pains

The above Fuzzy facts may be modulated as
F6: If [Sneezing] Symptom(Rama) Then [Fever] Symptom(Rama)
I(:)E;: [Sneezing > Fever] Symptom(Rama)
F7: If [Headache] Symptom(Rama) Then [Body pains] Symptom(Rama)
S?r: [Headache - Body pains] Symptom(Rama)
From F4 and F6 infer
F8: [Cold o (Cold - Sneezing] o [Sneezing->fever] Symptom(Rama)

From F5 and F7 infer



F9:[Cold o (Cold—>Headache]o [Headache—>.Body pains] Symptom(Rama)
From F8 and F9 infer

F10: [Cold o (Cold -> Sneezing] o [Sneezing —-> fever] [Sneezing]
Symptom(Rama)

Vv

[Cold o (Cold - Headache] o [Headache —>Body pains] [Sneezing V Body pains]
Symptom(Rama)

For example,
Consider Fuzziness for the above propositions

Cold =[0.6, 03]

Fever =[0.4, 0.5]
Sneezing =[0.7, 0.2]
Headache= [0.4, 0.6]
Body pains =[ 0.7, 0.2]

F1:[ Cold] Symptom(Rama)

[0.6, 03 ] Symptom(Rama)

F2: [Cold = Sneezing] Symptom(Rama)
[[ 0.6, 03] = [0.7, 0.2] Symptom(Rama)
[1, 0.9] Symptom(Rama)

F3: [Cold - Headache]Symptom(Rama)
[[ 0.6, 03]-> [0.4, 0.6]]Symptom(Rama)

[0.8,1] Symptom(Rama)

From F1 and F2 infer using R5
F4: [Cold o (Cold = Sneezing] Symptom(Rama)
[0.6,03]0[1, 0.9] Symptom(Rama)
[0.6, 0.3]Symptom(Rama)
From F1 and F3 infer using R5
F5: [Cold o (Cold - Headache] Symptom(Rama)
[0.6,03] 0]0.8,1] Symptom(Rama)
[0.6, 0.3]Symptom(Rama)
F6: [Sneezing - Fever] Symptom(Rama)
F7: [Headache > Body pains] Symptom(Rama)
From F4 and F6 infer

F8: [Cold o (Cold = Sneezing] o [Sneezing—>fever] Symptom(Rama)



[[ 0.6, 03]o ([ 0.6, 03]=> [ [0.7,0.2]) o [[0.7,0.2]-> [0.4, 0.5]] Symptom(Rama)
[[ 0.6, 03]o[1, 0.9]] o [0.7, 1] Symptom(Rama)

[[ 0.6, 03]o [0.7, 1] Symptom(Rama)

[0.6, 03] Symptom(Rama)

From F5 and F7 infer

F9: [Cold o (Cold->Headache]o [Headache—>.Body pains] Symptom(Rama)
[[0.6,03]o ([ 0.6, 03]> [0.4, 0.6]]0 [[0.4, 0.6]> [ 0.7, 0.2]] Symptom(Rama)
[[[0.6,03]o[0.8,1]]0[[1,0.6] Symptom(Rama)

[ 0.6,03]o[1,0.6] Symptom(Rama)

[ 0.6, 03] Symptom(Rama)

From F8 and F9 infer

F10: [Cold o (Cold -> Sneezing] o [Sneezing —-> fever] [Snheezing]
Symptom(Rama)

\%

[Cold o (Cold - Headache] o [Headache —>Body pains] [Sneezing V Body pains]
Symptom(Rama)

[0.6, 03] Symptom(Rama) V[ 0.6, 03] Symptom(Rama)

[0.6, 0.3]V[ 0.6, 03] Symptom(Rama)

[ 0.6, 03] Symptom(Rama)

The inference is given by

Rama has Cold , Fever , Sneezing , Headache and Body pains with Fuzziness [0.6, 0.3],
where Belief is 0.6 and Disbelief is 0.3

The above reasoning will more evidence with the two Fuzzy membership functions.
6 Conclusions

The Fuzzy Set with two Fuzzy membership functions was defined. The operations
on Fuzzy Sets with two Fuzzy membership functions were studied. The Fuzzy Logic and
Fuzzy Inference were studied for the Fuzzy Sets with Two Fuzzy membership
functions. The Fuzzy Logic and Fuzzy Inference were studied with the two Fuzzy
membership functions. The Fuzzy Certainty Factor is defined by a single Fuzzy
membership function to compute the conflict of evidence in the Uncertain Information.
An example for Fuzzy Inference is given using Fuzzy Modulations for the Fuzzy Sets
with two Fuzzy membership functions.
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