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Abstract

For simple graph G with edge set E(G), e**(G) = > wweE(G) e (W+de () where
dg(u) is the degree of the vertex u in G, a # 0is real. When a = 2, ¥ (G) = ™2 (G)
is called exponential forgotten index of G. In this paper, we first give the extremal
value of exponential forgotten index of tree and determine the corresponding ex-
tremal graphs. Furthermore, we give the extremal values of exponential index e’
of trees, where a > 1 and determine the corresponding extremal graphs.
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1 Introduction

In 1972, When study the dependence of 7 electronic energy structure[l], some chemists
found that the energy depends on the square sum of the vertices degrees of the molecular
structure(i.e. the first Zagreb index), In fact, the energy is also affected by cubic sum
of vertices degree, but this kind of topological index has not been further studied, but
forgotten. Therefore, it is called forgotten index, or F index for short.

Many mathematical chemistry researchers have studied the forgotten index and ob-
tained many good results. For example, B. Furtula, I. Gutman[2] gave a bound on the
forgotten index of graphs by using the first Zagreb index and the second Zagreb index; X.
Li and H. Zhao [3] discussed the forgotten index of the tree, obtained the extremal value
of the tree and characterized the corresponding extremal tree; B. Basavanagoud gave the
relationship between the forgotten index of graph and its complement graph. We en-
courage the reader to consult [5, 6, 7, 8, 9] for the historical background, computational

techniques, and mathematical properties of the forgotten index.
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A formal definition of a VDB topological index is as follows. Let G, be the set of

graphs with n non-isolated vertices. Consider the set
K={(i,j)eNxN:1<i<j<n-1}

and for a graph G € G,, denote by m; ;(G) the number of edges in G joining vertices of
degree 7 and j. A VDB topological index over G, is a function ¢ : G, — R induced by
real numbers {y; ;} i ek defined as
P(G) =) mij(Gpi,
(i.j)eK
for every G € G,,.

Many important topological indices are obtained from different choices of ¢; ;. For
example, the first Zagreb index M; induced by numbers ¢; ; = i + j; the second Zagreb
index M, induced by ¢;; = ij; the Randi¢ index x induced by ¢;; = \/%7, et al. For
details on VDB topological indices, see [10, 11, 12, 13].

Specifically, the forgotten index F induced by numbers ¢; ; = i* + j2, i.e.

p(G) = > my(G)@®+77) = > (d&u)+di(v) = F(G).
(i,j)eK weE(G)

In order to study of the discrimination ability of topological indices, Rada [10] intro-
duced the exponential of a vertex-degree-based topological index. Given a vertex-degree-
based topological index ¢, the exponential of ¢, denoted by e¥, is defined as

(G) = Y mi(G)er
(i,j)eK
So, the exponential forgotten index of G is defined as
eF(G) = D m (G
(1,))eK
For simple graph G,
T (@) = Z m; ;(G)e"H" = Z o1& (W +dg (V)

(3,7)eK weE(G)

Then, we give the extremal values of exponential index e”*(a > 1) of trees and

determine the corresponding extremal trees.



2 Trees with maximum exponential forgotten index

Let 7, is the tree set of all n vertices. We first show in this section that in a maximal
tree with respect to e’ (G) over T,. Furthermore, we find the maximum value of the

exponential index e”*(a > 1) and the corresponding extremal tree.

Lemma 1. If T is a maximal tree with respect to e* in 7T, then the distance between a

pendent vertexr and a vertex with the mazimum degree in T is at most 2.

Proof Otherwise, there is a vertex u with the maximum degree in 7" and a path
P = uwvw such that w is not a pendent vertex in T". Let T},, T;,, and T,, be the components
of T'— wv — vw containing u, v and w, respectively, see Figure 1. Let dr(u) = A,
dr(v) = s, d(w) = t, where A > s > 2, A >t > 2. The set of neighbours of v in T’
is Np(v) = {u,w,vy,v9, -+ ,vs_2} with dp(v;) = x; (i = 1,2,--- ;s — 2), and the set of
neighbours of w is Np(w) = {v,wy,wq, - , w1} with d(w;) =y; (j =1,2,--- ,t —1).
Let 7" = T — {wwy, wwy, - - -, wwy_1} +{vwy,vws, -+ ,0wy_1}, then dp(u) = A, dp(v) =

s+t—1,dp(w)=1and
e’ (T') — "(T)

s—2 t—1
2 2 2 _1)\2 2 _1)2 12
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5—2 t—1
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the first greater than is established because (s +t — 1) > s2, (s 4+t — 1)* > 2, i.e.

2 _1)2 2, .2 2 _1)2 2,42
eTi +(s+t—1) > e.Z’i-‘y-S ’eyj+(s+t 1) > eyJth ’

fort >2, (s+t—1°+1>2+2 A2—1>A%2—12 ie.

€S+t—12+1(6A2 + 1) _ 682+t2 <€A2—t2 + 1) > O,



the second greater than is established.So,
" (T") > 7 (T).

the distance between a pendent vertex and a vertex with the maximum degree in 7' is at

most 2. |
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Figure 1. Trees T and T’ in Lemma 1

Remark 2. Let T is a mazimal tree with respect to e” in T € T,(n > 5), from Lemma
1, all distances between any pendent vertex and any verter with the maximum degree are

at most 2, then T has the form shown in figure 2, where u is its vertex with the maximum

degree.

T

Figure 2. Tree T in remark 2

Theorem 3. T € T,(n > 5), then eZ (T) < (n — 1) 2" with equality hold if and only
ifT8,.

Proof Let dp(u) = A be the maximum degree in 7. From Lemma 1, if T 2 S,
then at least one edge uv in T satisfies dr(v) = s > 2. If the sets of neighbour of v is
Np(v), then Np(v) — {u} = {wy,ws,...,ws_1}(s > 2) is leaf in T, the sets of neighbour
of wis Np(u) = {v,us,ug,...,wa_1}, where dp(u;) = z;(i = 1,2,.... A —1). Let T" =



Figure 3. Trees T and T’ in theorem 3

T — {uwy, uws, ..., us_1 } + {vwy, vws, ..., vws_1 }, then dp(u) = A+s—1, dp(v) =1, and

" (T") — e"(T)

A—-1 A—1
_ (Z exi2+(A+5—l)2 + 8€A+5_12+1) _ (Z 61‘%+A2 + €A2+52 + (S . 1)€S2+1)
i=1 i=1
A—1

(€x¢2+(A+371)2 _ em?JrAQ) + (S _ 1)(6A+8*12+1 _ 682+1)

+ (6A+s—12+1 . 6A2+32>

)

obviously, A +5 —12 > A2, A+s—-124+1> s>+ 1, A4+s5—12+1> 5% s0 " (T') —
e (T) >0, i.e.
e (T') > 5 (T).

Repeat the above transformation, and from remark 2, we can get the structure of maximal
tree T =~ S,,. So
5 (T) = €7 (S,) = (n— 1)e D’

O

The maximum value problem of exponential forgotten index of tree, i.e. the maximum
value problem of e?(G)(p;; = i*+j?) have been solved by above transformation and com-
parison. In fact, the maximum tree of exponential VDB index X(; jexm; ;(G)el %) (o >

1) can also be found through the above methods. Refer to the following corollary.

Corollary 4. Let T € T,(n > 5), if ¢;; = i + j%(a > 1), then e?(T) get mazimum if
and only if T = S, and
e?(Sy) = (n —1)el" ",

In particular, when o = 1, the maximum value of the exponential first Zagreb index in T

is eM(T) = (n — 1)e" L,



3 Trees with minimum exponential forgotten index

In this section, we mainly use sliding transformation and other methods, consider the
minimum value of exponential forgotten index of tree and the corresponding extremal
tree, furthermore, we find the minimum value of exponential VDB index e¥ and the

corresponding extremal tree, where ; ; = 1% + j¢.

Lemma 5. If T is a minimal tree with respect to e* in T,(n > 5), then the mazimum

degree in T is at most 2.

Proof T € 7,, otherwise, there are neighboring vertices u, v in 1" such that the
following conditions: dr(u) = s, dr(v) =t > 2, and a pendent path P, = vwjws...wy with
length of k, where w; # u, the set of neighbours of v in 7" is Ny (v) = {u, wy, v1,ve, ..., V4o }
with dp(v;) = z;(1 = 1,2, ...,t—2), Let T,,, T, be the components of T'—uv—vw; containing
u, v, respectively, see Figure 4, let 7" = T — {vvy, vvg, ..., v0;_o } +{wgvy, wiva, ..., WEvi_2 },
then dp/(wy) =t — 1, dp(v) =2,if k=1,

" (T") — " (T)
t—2 t—2

_ (Z @$12+(t_1)2 4 e(t_1)2+22 + 682+22) . (Z 6m?+t2 + 6t2+1 + 6t2+52)

=1 i=1

- Z R T B A N (G AL o)

t > 2 obviously, 22 + (t—1)> < 22 +12, > +4 < 2+ 12, 12 —2t+5 < >+ 1, so
e (T") — " (T) < 0. if k > 2,
F(T') — 7 (T)

2 2 2 2 2 2

§:€x+t1 (=142 | 5?42 e2+2)
2 2 2 2 2 2 2 2
Q : pTiTY P2 s | 224 )

_ Z x4 (t—1)? o +t2) + (652+4 B 632—1—152)
+ (et2—2t+5 o 6t2+4) + (68 . 65)

< (€s2+4 _ 652+t2) + (€t2—2t+5 _ et2+4) + (68 _ 65)'
t > 2, obviously, t? — 2t +5 < t?+1, and s > 1, then

(652+4 _ 652+t2) + (68 _ 65) < eltd _ e1+32 +ed b < 0,



so e’ (T") — e’ (T) < 0.
all above,

" (T) < " (T),

contradiction, there are no vertices degree greater than 2. O

Figure 4. Trees T and T’ in Lemma 5

Theorem 6. Let T € T, (n > 5), then ¢ (T) > (n — 3)e® + 2¢> with equality hold if and
only if T = P,.

Proof From Lemma 5, T is a minimal tree with respect to e in 7,,, then the maximum
degree in T"is at most 2. So T'= P,,i.em;2 =2, mgy =n — 3, and
eF(T) > P (P) = > myy(T)e 7" = 26" + (n — 3)e™.
(1,5)eK
O
Similar to the problem of tree with minimum value of exponential forgotten index
e”(T), the minimal tree of exponential VDB index Y jyexmi;(G)e™ ") (a > 1) can

also be found through the above methods. Refer to the following corollary.

Corollary 7. Let T € T,(n > 5), ¢;; =%+ j*(a > 1), then e?(T) get minimum value
if and only if T = P,, and

e#(P) = 26+ + (n — 3)e™,

In particular, when o = 1, the minimum value of the exponential fist Zagreb index in T

is eMI(T) = 2¢® + (n — 3)et.

4 Conclusion

Thus, tree with the extremal value of exponential VDB index e (G) = X(; jyexmi ;j(G)e¥,

where ¢; ; = i* + j*(a > 1), have been solved by the above methods. However, we still



have no answer to the problem of finding the extremal value of the exponential VDB

index e?(G) = X jyexmi ;(G)e?» (o < 1) over T,,. Next, we will continue to study this

problem.
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