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Abstract

Zadeh[29] defined fuzzy Sets for Uncertain Information with single Fuzzy
membership function A = pa(x), where A is Fuzzy Set and x € X. In this paper, the
Fuzzy set is defined by A= { pa®"(x), pa”**"(x)} with the two Fuzzy
membership functions pa®™(x), uaP**(x) based on Belief and Disbelief. The
Fuzzy Set with two Fuzzy membership functions will give more evidence. Fuzzy
Logic and Fuzzy reasoning are studied based on the two Fuzzy membership functions
using the Fuzzy Modulations. Fuzzy Certainty Factor is defined with the difference
of Belief Fuzzy Membership Function and Disbelief Fuzzy Membership Function to
compute the conflict of evidence in Uncertain Information.
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1 Introduction

Different methods are proposed to deal with incomplete, inconsistent, inexact
and uncertain information. Fuzzy logic[33] Bayesian Statistics[4] , Dempster-Shafer
Theory [5,19] , Certainty Factor [3] and Fuzzy Statistics [30] are proposed to deal
with Uncertain Information’s. Zadeh[29] defined Fuzzy set single  membership
function and formulated Fuzzy Logic to deal with uncertain information. The Fuzzy
Set with two membership functions will give more evidence to deal with the uncertain
information. The Many-Valued Logic[] is considered to discuss the Fuzzy Logic with
two membership functions.

Fuzzy Set is defined by two Fuzzy membership functions based on “Belief
and Disbelief’. The Fuzzy Logic and Fuzzy Reasoning are studied based on the two
membership functions. The Fuzzy Certainty Factor is defined by the difference
between “Belief” and ”Disbelief “ membership functions to make as single
membership function.

. Fuzzy Modulations is a type of Knowledge representation for Fuzzy propositions
[24]. These Fuzzy modulations are used to study Fuzzy Logic and Reasoning for two
membership functions for understanding.

The brief introduction of Fuzzy Logic and Fuzzy Reasoning is given as follows to
understand the above concepts.



2 Fuzzy Logic and Fuzzy Reasoning

Zadeh[29] has introduced Fuzzy set as a model to deal with imprecise,
inconsistent and inexact information. Fuzzy set is a class of objects with a continuum of
grades of membership.

The Fuzzy set A of X is characterized by its membership function A = pa(x)and
ranging Vvalues in the unit interval [0, 1]

Ma(X): X =20, 1], x€ X, where X is Universe of discourse.

or

A = ua(X1)/X1 + pa(X )X + ...+ ua(X p)/Xn, “+”is union
For example, Consider the Fuzzy proposition “x has Cold” .

The Fuzzy set ‘Cold” is defined as

Heold (X) [0, 1], x € X
where Cold = { 0.8/x; + 0.6/xz + 0.4/x3 + 0.6/x4 +0.75/x5}

For instance “Rama has Cold” with Fuzziness 0.8

Fuzzy logic is defined as combination of Fuzzy sets using logical operators. Some
of the logical operations are given below

Suppose A, B and C are Fuzzy sets, and the operations on Fuzzy sets are

AVB=max(pa(x), us(X)} Disjunction
AAB=min(pa(Xx), us(X)} Conjunction
A'=1-pa(Xx) Negation

A->B=min {1, (1-pa(x) +pus(X)} Implication
A 0 B=miny {pa(X), us(X)}/X Composition

The Fuzzy propositions may contain quantifiers like “Very”, “More or Less” .
These Fuzzy quantifiers may be eliminated as

Hvery(X) =HA(X) 2 Concentration
MmMore or Less(X) = Ha(X) Y2 Diffusion

Fuzzy reasoning is a drawing conclusion from Fuzzy propositions using fuzzy
inference rules[14, 28]. Some of the Fuzzy inference rules are given bellow

R1:xis A R2: xis A
xandyare B xoryisB
Y is AAB y is AVB

R3: xand y are A R4: x oryare A
yandzare B yorzare B

yand z are B xorzareB



R5: xis A
ifxisAthenyisB

yisAo (A->B)
3 Fuzzy Sets with Two Membership Functions

Zadeh[29] considered a single Fuzzy membership function to define the
Fuzzy set to deal the uncertain information.

The proposition “ x is A” is defined by

A= pa(x), Where A is Fuzzy Set and x € X, HA(X) is Fuzzy membership
function.

The propositions “ x is A” may represent the evidence with “Belief” and
Disbelief” to deal the uncertain information.

Given some Universe of discourse X, the proposition “ x is A” is defined by
its two Fuzzy membership functions as

Ha() = {1a™"0), ua”* ()}

or

A= {uABeIief(X)1 HADiSbe"ef(X)}

Where A is Fuzzy Set and x € X and

0 <= “ABeIief(X) <=1and, 0 <= “ADisbeIief(X) <=1

Fuzzy set A = {uABe_"efg_x DIxg + paP( Xa)lXo + ...+ AP x ),
HADISbe |ef(X 1)/X1 + UADISbe“e ( X 2)/X2 + o+ HABe“ef( X n)/xn, X; € X,

“+”’ s union

l—lABe"‘?fgx) + IJ-ADi?be“?fgx) < 1,

HABe“e (X) + MADlsbeIle (X) ->1

and MADlsbellef(X) + HADISbe“ef(X) =1

are interpreted as redundant, insufficient and sufficient Knowledge respectively.

For example,
Consider the Fuzzy proposition “x has Cold” and The Fuzzy set ‘Cold” may be
defined

Cold = { 0.8/x; + 0.6/x, + 0.4/x3 + 0.6/x4 +0.75/Xs,
0.4/x1 + 0.5/x, + 0.5/x3 + 0.4/X4 +0.35/X5}

For instance “Rama has Cold” with Fuzziness 0.8



4 Fuzzy Logic and Fuzzy Reasoning with two Fuzzy Membership Functions

By considering Many-Valued Logic and Zadeh[] logical operations, the
following operations may defined for Fuzzy Sets with two membership functions

Fuzzy logic is defined as combination of Fuzzy sets using logical operators. Some
of the logical operations are given below

Suppose A, B, C are Fuzzy sets, and The operations on Fuzzy sets are given below

AVB=max { HABeliEf(X) \Vj HABeIief(X)’ UBDiSbe"ef(X) \Vj UBDiSbe"ef(X)} DiSjunCtion
AABZmln{ I-lABe"ef(X) A IJABe"ef(X), HBDiSbEHEf(X) A UBDiSbe"ef(X) } Conjunction
A= {1_ “ABEHEf(X), 1- HADiSbe"ef(X) } Negation
A-B= {mln (1' 1- HABe"ef(X) + uADiSbe"ef(X) , min ( 1’ 1- HBBe"ef(X) + MBDiSbelief(X)}
_ _ o o Implication
Ao B= {minx ( UABe“ef(X), uABellef(X) )’ minx( HBDISbe“ef(X), MBDISbellef(X) )}/X
Composition

The Fuzzy propositions may contain quantifiers like “very”, “more or less” .
These Fuzzy quantifiers may be eliminated as

For the proposition “x is very A

bvery A(X) = { 1" (%)%, AP ) ua(X)? Concentration
For proposition “x is more or less A”

Hiviore or Less A0¥) = ( LaPSE(5) 12, iaPisPelef() 1, (x) Y2 3 Diffusion

In the propositions, the quantifiers are also particular about Belief and Disbelief.
For the proposition “x is very A”

Hvery A(X) = { HAP"'(x)%, " (x)pa(x) 3
For proposition “x is more or less A ”
Hore or Less AXX) = (HAT'(%), ™ (x)La(x)? }
Fuzzy reasoning[28] is drawing conclusions from Fuzzy propositions using fuzzy

inference rules[1 Some of the Fuzzy inference rules are given below for the propositions
with two membership functions

R1:xis A R2: xis A
xandyare B xoryisB
y is AAB y is AVB

AAB = ( min{“ABelief(X) ’ MABelief(X) }’ min{uBDiSbeliEf(X), HBDiSbEHEf(X) })



AVB = ( maX{HABelief(X) ’ pABEIiEf(X) }1 max{uBDiSbe"ef(x), HBDiSbEIiEf(X) })

R3:xand y are A R4:x oryare A
yandzare B yorzare B
yand zare B XxorzareB

B= {IJBBe"ef(X) uBDiSbe"ef(X)}

R5: xis A

ifxisAthenyisB

yisAo (A>B)

Ao (A%B) (mm {HABeIIef(X) mm{ 1, 1- UABe“ef(X) + Ha Bellef(X)} mm BDlsbellef(X)
mln{l 1- Ug Disbeli ef(X) U Dlsbellef(x) }})

5 Fuzzy Modulations and Fuzzy Reasoning

. Fuzzy Modulations are a type of Knowledge representation for Fuzzy propositions
[24].

The Fuzzy Modulation for the position “ x is A” is defined by
[A]R(x), where A is Fuzzy Set, R is relation and x € X

Fuzzy reasoning is discussed for the Fuzzy sets with two membership functions Fuzzy
modulations in the following

For instance,

“Rama has Cold” is modulated as
[Cold] Symptom(Rama)

The Fuzzy position “Rama has Headache” may be modulated as
[Headache] Symptom(Rama)
From the above propositions infer
Rama has Cold or Headache
This may be modulated as
[Cold V Headache Symptom(Rama)
For instance, consider the Fuzziness for Fuzzy Sets

Rama has cold
Cold=[0.6, 03]



Rama has Headache
Headache ={0.4, 0.5]

Rama has Cold or Headache
[Cold V Headache ]Symptom(Rama)
[[ 0.6, 03]V{0.4, 0.5]]Symptom(Rama)
[[ 0.6, 0.5]]Symptom(Rama)
Rama has Cold or Headache with fuzziness [ 0.6, 0.5]

An Example of Fuzzy Reasoning with two membership functions is given
bellow

Rama has Cold
If Rama has Cold Then Rama has Sneezing
If Rama has Cold Then Rama has Headache

The above Fuzzy facts may be modulated as

F1:[Cold] Symptom(Rama)

F2:1f [Cold] Symptom(Rama) Then [Sneezing] Symptom(Rama)
or

F2: [(Cold = Sneezing] Symptom(Rama)

F3: If [Cold] Symptom(Rama) Then [Headache] Symptom(Rama)
Or

F3: [(Cold > Headache] Symptom(Rama)

From F1 and F2 infer using R5

F4: [Cold o (Cold = Sneezing] Symptom(Rama)
From F1 and F3 infer using R5

F5: [Cold o (Cold > Headache] Symptom(Rama)

If Rama has Sneezing Then Rama has Fever
If Rama has Headache Then Rama has Body pains

The above Fuzzy facts may be modulated as

F6: If [Sneezing] Symptom(Rama) Then [Fever] Symptom(Rama)

Or

F6: [Sneezing > Fever] Symptom(Rama)

F7: If [Headache] Symptom(Rama) Then [Body pains] Symptom(Rama)
Or

F7: [Headache - Body pains] Symptom(Rama)

From F4 and F6 infer

F8: [Cold o (Cold = Sneezing] o [Sneezing->fever] Symptom(Rama)



From F5 and F7 infer
F9:[Cold o (Cold>Headache]o [Headache—>.Body pains] Symptom(Rama)
From F8 and F9 infer

F10: [Cold o (Cold - Sneezing] o [Sneezing -> fever] [Sneezing]
Symptom(Rama)

Vv

[Cold o (Cold > Headache] o [Headache —>Body pains] [Sneezing V Body pains]
Symptom(Rama)

For example,
Consider Fuzziness for the above propositions

Cold =[0.6, 03]

Fever =[0.4, 0.5]
Sneezing =[0.7, 0.2]
Headache= [0.4, 0.6]
Body pains =[ 0.7, 0.2]

F1:[ Cold] Symptom(Rama)

[0.6, 03 ] Symptom(Rama)

F2: [Cold = Sneezing] Symptom(Rama)
[[ 0.6, 03] = [0.7, 0.2] Symptom(Rama)
[1, 0.9] Symptom(Rama)

F3: [Cold - Headache]Symptom(Rama)
[[ 0.6, 03]-> [0.4, 0.6]]Symptom(Rama)

[0.8,1] Symptom(Rama)

From F1 and F2 infer using R5

F4: [Cold o (Cold = Sneezing] Symptom(Rama)
[0.6,03]o[1, 0.9] Symptom(Rama)
[0.6, 0.3]Symptom(Rama)

From F1 and F3 infer using R5

F5: [Cold o (Cold - Headache] Symptom(Rama)
[0.6,03] 0]0.8,1] Symptom(Rama)

[0.6, 0.3]Symptom(Rama)

F6: [Sneezing - Fever] Symptom(Rama)

F7: [Headache > Body pains] Symptom(Rama)

From F4 and F6 infer
F8: [Cold o (Cold = Sneezing] o [Sneezing—>fever] Symptom(Rama)

[[ 0.6, 03]o ([ 0.6, 03]> [ [0.7,0.2]) 0 [[0.7, 0.2]=> [0.4, 0.5]] Symptom(Rama)
[[ 0.6, 03]o[1,0.9]] o [0.7, 1] Symptom(Rama)



[[ 0.6, 03]o [0.7, 1] Symptom(Rama)
[0.6, 03] Symptom(Rama)

From F5 and F7 infer

F9: [Cold o (Cold->Headache]o [Headache—>.Body pains] Symptom(Rama)
[[0.6,03]o ([ 0.6, 03]-> [0.4, 0.6]]o [[0.4, 0.6]> [ 0.7, 0.2]] Symptom(Rama)
[[[0.6,03]o[0.8,1]]0[[1,0.6] Symptom(Rama)

[ 0.6,03]o [1,0.6] Symptom(Rama)

[ 0.6, 03] Symptom(Rama)

From F8 and F9 infer

F10: [Cold o (Cold -> Sneezing] o [Sneezing -> fever] [Snheezing]
Symptom(Rama)

\%

[Cold o (Cold > Headache] o [Headache —>Body pains] [Sneezing V Body pains]
Symptom(Rama)

[0.6, 03] Symptom(Rama) V[ 0.6, 03] Symptom(Rama)

[0.6, 0.3]V[ 0.6, 03] Symptom(Rama)

[ 0.6, 03] Symptom(Rama)

The inference is given by

Rama has Cold , Fever , Sneezing , Headache and Body pains with Fuzziness [0.6, 0.3],
where Belief is 0.6 and Disbelief is 0.3

The above reasoning will more evidence with the two Fuzzy membership functions.
6 Fuzzy Certainty Factor

The Fuzzy Set with two membership function will give some more evidence then
single Fuzzy membership function,

It is possible to define Fuzzy Set with single Fuzzy membership function for the
Fuzzy Set with two membership functions

The Fuzzy Certainty Factor is defined by Fuzzy Set with single Fuzzy membership
function with the difference of the two Fuzzy membership functions Belief and
Disbelief.

Belief

HACF(X) = Ua (X) _ IJADisbelief(x) IJABeIief(X) ZUADiSbe”ef(X)

Disbelief(

0 uAB(-Z‘|i(-Z‘f(X) <|JA X)

and

uACF(X):Xé[O, 1], x€ X, where X is Universe of discourse.



Fuzzy Certainty Factor will compute the conflict of evidence in the Uncertain
Information. If fuzzy certainty factor is less then or equal to zarero then the rule will
be rejected.

The Fuzzy Logic and Fuzzy Reasoning for Fuzzy Certainty Factors can be
studied similar lines as studied for Fuzzy Logic and Fuzzy Reasoning for fuzzy Sets
with two Fuzzy membership functions.

7 Conclusions

The Fuzzy Set with two Fuzzy membership functions was defined. The
operations on Fuzzy Sets with two Fuzzy membership functions were studied. The
Fuzzy Logic and Fuzzy Reasoning were studied for the Fuzzy Sets with Two Fuzzy
membership functions. The Fuzzy Modulations are discussed. The Fuzzy Logic and
Fuzzy Reasoning were studied using Fuzzy modulations with the two Fuzzy
membership functions. The Fuzzy Certainty Factor is defined by a single Fuzzy
membership function to compute the conflict of evidence in the Uncertain
Information. An example for Fuzzy Reasoning is given using Fuzzy Modulations for
the Fuzzy Sets with two Fuzzy membership functions.
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